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HOCHSCHILD COHOMOLOGY RING OF A MAXIMAL
ORDER OF THE QUATERNION ALGEBRA
By
Takao Hayami
Abstract. We give an e‰cient bimodule projective resolution of
a maximal Z-order L of the ordinary quaternion algebra over Q,
and therefore we determine the ring structure of the Hochschild
cohomology of L by calculating the Yoneda products using this
resolution.
1. Introduction
Let R be a commutative ring and L an R-algebra which is a ﬁnitely
generated projective R-module. The nth Hochschild cohomology of L is deﬁned
by HHnðLÞ :¼ ExtnLeðL;LÞ, where Le ¼ LnRLop. The Yoneda product gives
HH ðLÞ :¼0
nb0
HHnðLÞ a graded ring structure with 1 A ZLFHH 0ðLÞ
where ZL denotes the center of L. HH ðLÞ is called the Hochschild cohomology
ring of L. The Hochschild cohomology ring HH ðLÞ is graded-commutative, that
is, for a A HHpðLÞ and b A HHqðLÞ we have ab ¼ ð1Þpqba (see [2], [6]).
The Hochschild cohomology has important connections and applications
to the representation theory of algebras. For example, under appropriate
hypotheses two derived equivalent algebras have isomorphic Hochschild coho-
mology algebras (see [5, Proposition 2.5]), and the second Hochschild coho-
mology group is important in deformation theory. The Hochschild cohomology
has been studied for various algebras, however it is di‰cult to compute in
general.
We have investigated the Hochschild cohomology of quaternion orders in
[3] (see also [6], [7], [4]). Let A ¼ QlQilQ jlQij be the ordinary quaternion
algebra over Q with the relations i2 ¼ j2 ¼ 1, ij ¼ ji. We set G ¼ ZlZil
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ZjlZij. Then G is a Z-order of A. The multiplicative structure of the
Hochschild cohomology ring HH ðGÞ is known in [6] (see [3] for a new proof and
a generalization):
HH ðGÞFZ½X ;Y ;Z=ð2X ; 2Y ; 2Z;X 2 þ Y 2 þ Z2Þ;
where deg X ¼ deg Y ¼ deg Z ¼ 1. So it is natural ask to consider the
Hochschild cohomology rings of other quaternion orders. On the other hand,
Bobovich [1] shows that the Hochschild cohomology of a maximal order of a
simple central algebra over the algebraic number ﬁeld is periodic with period 2.
Now we set a ¼ ð1þ i þ j þ ijÞ=2. Then L ¼ ZlZilZjlZa is a maximal
Z-order of A. In this article, we give an explicit bimodule projective resolution of
a maximal quaternion order L, and apply the result to determine the Hochschild
cohomology ring of L. This resolution is not periodic, but nevertheless we can
determine the ring structure of the Hochschild cohomology by using this res-
olution.
In Section 2, we give a bimodule projective resolution of L (Theorem 2.1).
In Section 3, we give the module structure of HH ðLÞ using this resolution of
L (Theorem 3.1). This is a complicated calculation. To compute the Yoneda
products on HH ðLÞ we need generators of HH ðLÞ as a module. In Section 4,
as a main theorem of this paper, we determine the Hochschild cohomology ring
HH ðLÞ (Theorem 4.2).
2. Bimodule Projective Resolution
Let A ¼ QlQilQ jlQij be the ordinary quaternion algebra over Q with
the relations i2 ¼ j2 ¼ 1, ij ¼ ji. We put a ¼ ð1þ i þ j þ ijÞ=2. Then L ¼
ZlZilZjlZa is a maximal order of A. Note that the following equations
hold:
ia ¼ a 1 j ¼ i  1 ai; jaþ aj ¼ j  1; a2 ¼ a 1; a3 ¼ 1:
It is easy to see that 1, i, a, ia are linearly independent over Z, so we take
f1; i; a; iag as a Z-basis of L.
In this section we give an e‰cient bimodule projective resolution of L. For
each qb 0, let Yq be the direct sum of qþ 1 copies of LnL. As elements of Yq,
we set
csq ¼ ð0; . . . ; 0; 1 n
s




Then we have Yq ¼0qþ1k¼1 LckqL. Deﬁne left Le-homomorphisms p : Y0 ! L;
c10 7! 1 and dq : Yq ! Yq1 ðq > 0Þ given by
dqðcsqÞ ¼
icsq1 þ csq1i þ acs1q1 þ cs1q1a cs1q1 for q even;
icsq1  csq1i þ acs1q1  cs1q1a for q odd:
(
Theorem 2.1. The above ðY ; p; dÞ is a Le-projective resolution of L.
Proof. First, we must check that p  d1 ¼ 0 and dq  dqþ1 ¼ 0 for qb 1.
Clearly p  d1 ¼ 0 holds. If qðb 2Þ is even, we have the following:
dq1  dqðcsqÞ ¼ dq1ðicsq1 þ csq1i þ acs1q1 þ cs1q1a cs1q1Þ
¼ iðicsq2  csq2iÞ þ ðicsq2  csq2iÞi þ iðacs1q2  cs1q2aÞ
þ ðacs1q2  cs1q2aÞi þ aðics1q2  cs1q2iÞ þ ðics1q2  cs1q2iÞa
 ðics1q2  cs1q2iÞ þ aðacs2q2  cs2q2aÞ þ ðacs2q2  cs2q2aÞa
 ðacs2q2  cs2q2aÞ
¼ ðiaþ ai  iÞcs1q2  cs1q2ðai þ ia iÞ þ ða2  aÞcs2q2  cs2q2ða2  aÞ
¼ 0:
The case q odd is similar.
Next we state a contracting homotopy. We deﬁne right L-homomorphisms
T1 : L! Y0 and Tq : Yq ! Yqþ1 ðqb 0Þ as follows:
T1ðlÞ ¼ c10l ðfor l A LÞ;
TqðimcsqÞ ¼




mc1qþ1 mc1qþ1aþ imc2qþ1 ðs ¼ 1 and q oddÞ;




where m ¼ 0; 1. These homomorphisms are right L-homomorphism. So it permits
us to cut down the number of cases. Thus we must check that
ðdqþ1Tq þ Tq1dqÞðimancsqÞ ¼ imancsq
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holds for m ¼ 0; 1; n ¼ 0; 1; 1a sa qþ 1, where we set d0 ¼ p. In the case q ¼ 0,
we have the following:
d1T0ðimanc10Þ þ T1pðimanc10Þ ¼ ðimanc10  c10 imanÞ þ c10 iman ¼ imanc10 :
Note that the computation of d1T0ðimanc10Þ is divided into four cases.
In the case q odd, we have the following:
Case s ¼ 1:
dqþ1Tqðimc1qÞ ¼ dqþ1ðmc1qþ1Þ ¼ mðic1q þ c1q iÞ ðm ¼ 0; 1Þ;
Tq1dqðimc1qÞ ¼ Tq1ðimðic1q1  c1q1iÞÞ ¼
c1q ðm ¼ 0Þ;
c1q i ðm ¼ 1Þ;
(
dqþ1Tqðimac1qÞ ¼ dqþ1ðmc1qþ1 mc1qþ1aþ imc2qþ1Þ
¼ ac
1
q þ c1qa c1q þ ic2q þ c2q i ðm ¼ 0Þ;
iac1q þ c1q i  c1q iaþ ic2q i  c2q ðm ¼ 1Þ;
(
Tq1dqðimac1qÞ ¼ Tq1ðimaðic1q1  c1q1iÞÞ
¼ Tq1ðimði  1 iaÞc1q1  c1q1iÞÞ
¼ c
1
q  c1qa ic2q  c2q i ðm ¼ 0Þ;




q  c1qa ic2q  c2q i ðm ¼ 0Þ;




Tq1dqðimcsqÞ ¼ Tq1ðimðicsq1  csq1i þ acs1q1  cs1q1aÞÞ ¼ imcsq;
dqþ1TqðimacsqÞ ¼ dqþ1ðimcsþ1qþ1Þ
¼ imðicsþ1q þ csþ1q i þ acsq þ csqa csqÞ;
Tq1dqðimacsqÞ ¼ Tq1ðimðði  1 iaÞcsq1  acsq1i þ ða 1Þcs1q1  acs1q1aÞÞ
¼ imðicsþ1q þ csþ1q i þ csqa csqÞ:
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Note that the computations of Tq1dq are divided into some subcases. The case
qðb 2Þ even is handled by a similar way. r
It seems to be di‰cult (or impossible) to construct a periodic bimodule
projective resolution of L. The resolution in Theorem 2.1 is not periodic, but
nevertheless we can determine the ring structure of the Hochschild cohomology
by using this resolution.
3. Module Structure
In this section, we determine the module structure of HHnðLÞ. To calculate
products on HH ðLÞ by the Yoneda product, we need an explicit module gen-
erator of HHnðLÞ. Let Lqþ1 be a direct sum of qþ 1 copies of L. As elements
of Lqþ1, we set
isq ¼ ð0; . . . ; 0; 1
s
; 0; . . . ; 0Þ ðif 1a sa qþ 1Þ;
0 ðotherwiseÞ:
(




Applying the functor HomLeð;LÞ to the resolution ðY ; p; dÞ, we have the
following complex, where we identify HomLeðYq;LÞ with Lqþ1 using an isomor-
phism HomLeðYq;LÞ ! Lqþ1; f 7!
Pqþ1
k¼1 f ðckq Þikq :












L5 !    ;
daqþ1ðlisqÞ ¼
ilisqþ1  liisqþ1 þ alisþ1qþ1  laisþ1qþ1 for q odd;
ilisqþ1 þ liisqþ1 þ alisþ1qþ1 þ laisþ1qþ1  lisþ1qþ1 for q even;
(
for l A L. In the above, note that
lisq ¼ ð0; . . . ; 0;
l
s
; 0; . . . ; 0Þ ðif 1a sa qþ 1Þ;
0 ðotherwiseÞ;
(
and so on. In the following, if z is a cocycle, we also denote its cohomology class
by z for brevity.
Theorem 3.1. The module structure of HHnðLÞ is as follows:
HHnðLÞ ¼
Z ðn ¼ 0Þ;
0 ðn oddÞ;
ðZ=2ZÞi1n ðnð0 0Þ evenÞ:
8><
>:
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Proof. Let lk ¼ bk þ cki þ dkaþ ekia ðbk; ck; dk; ek A ZÞ be any element of
L. Then we have
ilk ¼ bki  ck þ dkia eka;
lki ¼ bki  ck þ dkði  1 iaÞ þ ekða 1 iÞ
¼ ðck þ dk þ ekÞ þ ðbk þ dk  ekÞi þ eka dkia;
alk ¼ bkaþ ckði  1 iaÞ þ dkða 1Þ þ ekði  aÞ
¼ ðck þ dkÞ þ ðck þ ekÞi þ ðbk þ dk  ekÞa ckia;
lka ¼ bkaþ ckiaþ dkða 1Þ þ ekiða 1Þ
¼ dk  eki þ ðbk þ dkÞaþ ðck þ ekÞia:
(i) The case n ¼ 0: We see that HH 0ðLÞ ¼ Ker da1 ¼ Z. In fact, for l1 ¼
b1 þ c1i þ d1aþ e1ia ðb1; c1; d1; e1 A ZÞ, we have
l1 A Ker d
a
1 ,
il1  l1i ¼ 0;
al1  l1a ¼ 0

, ðd1 þ e1Þ þ ðe1  d1Þi  2e1aþ 2d1ia ¼ 0;c1 þ ðc1 þ 2e1Þi  e1a ð2c1 þ e1Þia ¼ 0

, c1 ¼ d1 ¼ e1 ¼ 0:
(ii) The case n odd: We show HHnðLÞ ¼ 0. Since the cohomology module
is periodic with period 2, it su‰ces to show HH 1ðLÞ ¼ 0. For lk ¼ bk þ cki þ
dkaþ ekia ðbk; ck; dk; ek A ZÞ, we have
ðl1; l2Þ A Ker da2 ,
il1 þ l1i ¼ 0;
al1 þ l1a l1 þ il2 þ l2i ¼ 0;




ð2c1 þ d1 þ e1Þ þ ð2b1 þ d1  e1Þi ¼ 0;
ðb1 þ c1 þ 2d1 þ 2c2 þ d2 þ e2Þ
þð2b2 þ d2  e2Þi þ ð2b1 þ d1  e1Þa ¼ 0;




2c1 þ d1 þ e1 ¼ 0;
2b1 þ d1  e1 ¼ 0;
b1 þ c1 þ 2d1 þ 2c2 þ d2 þ e2 ¼ 0;
b2 þ c2 þ 2d2 ¼ 0;




,b1 ¼ c1  2d2;
d1 ¼ 2d2;
e1 ¼ 2c1  2d2;
c2 ¼ b2  2d2;
e2 ¼ 2b2 þ d2:
8>>><
>>>:
If this is the case, then we have
ðl1; l2Þ ¼ c1ði  1 2ia; 0Þ  d2ð2 2aþ 2ia; 2i  a iaÞ þ b2ð0; 1 i þ 2iaÞ:
Therefore we have that
Ker da2 ¼ Zði  1 2ia; 0ÞlZð2 2aþ 2ia; 2i  a iaÞlZð0; i  1 2iaÞ:
Since for l1 ¼ b1 þ c1i þ d1aþ e1ia ðb1; c1; d1; e1 A ZÞ,
da1 ðl1Þ ¼ ðil1  l1i; al1  l1aÞ
¼ d1ð1 i þ 2ia; 0Þ þ e1ð1þ i  2a; 2i  a iaÞ þ c1ð0; i  1 2iaÞ
¼ ðe1  d1Þði  1 2ia; 0Þ þ e1ð2 2aþ 2ia; 2i  a iaÞ
þ c1ð0; i  1 2iaÞ;
it follows that Ker da2 ¼ Im da1 holds.
(iii) The case nðb 2Þ even: We show HHnðLÞ ¼ Ker danþ1=Im dan ¼ ðZ=2ZÞi1n .
First we calculate Ker danþ1. Let lk ¼ bk þ ckiþ dkaþ ekia ðbk; ck; dk; ek A ZÞ. Since
ðl1; l2; . . . ; lnþ1Þ A Ker danþ1
,
il1  l1i ¼ 0;
alk  lkaþ ilkþ1  lkþ1i ¼ 0 ðk ¼ 1; 2; . . . ; nÞ;




ðd1 þ e1Þ þ ðe1  d1Þi  2e1aþ 2d1ia ¼ 0;
ðck þ dkþ1 þ ekþ1Þ þ ðck þ 2ek  dkþ1 þ ekþ1Þi
ðek þ 2ekþ1Þa ð2ck þ ek  2dkþ1Þia ¼ 0 ðk ¼ 1; 2; . . . ; nÞ;





ek ¼ 0 ðk ¼ 1; 2; . . . ; nþ 1Þ;












ckðiikn þ aikþ1n Þ;















Zðði þ 1Þikn þ aikþ1n Þ: ð3:1Þ
Next we prove






Zðði þ 1Þikn þ aikþ1n Þ: ð3:2Þ
For lk ¼ bk þ cki þ dkaþ ekia ðbk; ck; dk; ek A ZÞ, we have
dan ðl1; l2; . . . ; lnÞ ¼
Xn
k¼1
bkð2iikn þ ð2a 1Þikþ1n Þ 
Xn
k¼1




dkðði  1Þikn þ ða 2Þikþ1n Þ 
Xn
k¼1

















ð2bk þ dk  ekÞðði þ 1Þikn þ aikþ1n Þ




ðbk þ ck þ 2ðdk þ bkþ1 þ ckþ1 þ dkþ1ÞÞikþ1n
 ðbn þ cn þ 2dnÞinþ1n :
Then dan ðl1; l2; . . . ; lnÞ is an element of the right-hand side of (3.2). Conversely,
by choosing ek ð1a ka nÞ, b1; d1; bk ð2a ka nÞ properly, dan ðl1; l2; . . . ; lnÞ is
to be any element of the right-hand side of (3.2). Therefore we have






Zðði þ 1Þikn þ aikþ1n Þ: ð3:3Þ
Hence by (3.1) and (3.3) we have the results. r
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4. Hochschild Cohomology Ring of L
In this section, we determine the ring structure of the Hochschild cohomology
ring HH ðLÞ.
Recall the Yoneda product in HH ðLÞ. Let a A HHnðLÞ and b A HHmðLÞ,
where a and b are represented by cocycles fa : Yn ! L and fb : Ym ! L, re-
spectively. There exists the commutative diagram of Le-modules:

















where ml ð0a la nÞ are liftings of fb. We deﬁne the product a  b A HHnþmðLÞ
by the cohomology class of famn. This product is independent of the choice of
representatives fa and fb, and liftings ml ð0a la nÞ.
Let a ¼ i12ðA HH 2ðLÞÞ. Then a is represented by the Le-homomorphism
fa : Y2 ! L given by faðc12Þ ¼ 1, faðc22Þ ¼ faðc32Þ ¼ 0. Then the following lemma
holds.
Lemma 4.1. A lifting mn : Ynþ2 ! Yn of fa is given by mnðcknþ2Þ ¼ ckn for
nb 0.
Proof. Clearly p  m0 ¼ fa holds. If nb 1 is odd, we have
mn1dnþ2ðcknþ2Þ ¼ mn1ðicknþ1  cknþ1i þ ack1nþ1  ck1nþ1 aÞ
¼ ickn1  ckn1i þ ack1n1  ck1n1 a
¼ dnðckn Þ ¼ dnmnðcknþ2Þ:
The case nb 2 even is similar. r
Let b ¼ i12n A HH 2nðLÞ for nb 1. Then b is represented by the Le-
homomorphism fb : Y2n ! L; ck2n 7! ik0 . Since fb  m2nðck2nþ2Þ ¼ fbðck2nÞ ¼ ik0 , it
follows that ab ¼ i12nþ2 A HH 2nþ2ðLÞ holds. Therefore we have an ¼ i12n A
HH 2nðLÞ for nb 1, and the following theorem holds.
Theorem 4.2. The Hochschild cohomology ring HH ðLÞ is isomorphic to
Z½a=ð2aÞ, where deg a ¼ 2.
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Remark. Let G ¼ ZlZilZjlZij be the ordinary quaternion Z-algebra.
The multiplicative structure of the Hochschild cohomology ring HH ðGÞ is
known in [6], [3]:
HH ðGÞFZ½X ;Y ;Z=ð2X ; 2Y ; 2Z;X 2 þ Y 2 þ Z2Þ;
where deg X ¼ deg Y ¼ deg Z ¼ 1. HH ðGÞ is not a periodic cohomology. It is
known that G is not a maximal order of the ordinary quaternion Q algebra A.
In general, there does not exist a ring homomorphism between two Hochschild
cohomology rings except special cases. However, by Theorem 4.2, we get an
injective ring homomorphism HH ðLÞ ! HH ðGÞ given by a 7! X 2.
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